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In the present paper magnetohydrodynamic models are employed 
to investigate the stability of an inhomogeneous magnetic plasma 
with respect to perturbations in which the electric field may be re- 
garded as a potential field (rot E ~ 0). A hydrodynamic model, 
actually an extension of the well-known Chew-Goldberger-Low modeI 
[1], is used to investigate motions transverse to a strong magnetic 
field in a cotlisionless plasma. The total viscous stress tensor is given; 
this includes, together with "magnetic viscosity. ~ the so-called 
"inertial viscosity." 
Ordinary two-fluid hydrodynamics is used in the case of strong 
collisions v = w. It is shown that the collisional viscosity leads to 
"flute"-type instability in the case when, collisions being neglected, 
the "flute ~ mode is stabilized by a finite Larmor radius. A treatment 
is also given of the case when epithermal high-frequency oscillations 
(not leading immediately to anomalous diffusion) cause instability 
in the low-frequency (drift) oscillations in a manner similar to the 
"collisional" electron viscosity, leading to anomalous diffusion. 

NOTATION 

f--particle distribution function; Ea--electric field component; 
H0--magnetic field; p--density; V--particle velocity; e--charge; m. 
M--electron and ion mass; ai, f~e - i~  and electron cyclotron fre- 
quencies; aa6--viscous stress tensor; P--pressure; ri--Larmor radius; 
Pa3--pressure tensor; t - t i m e ;  w--frequency; T--temperature; v-- 
collision frequency; r--collision time; j--current density; coi, coo-- 
ion and electron drift frequencies; kx, ky, kz--wave-vector com- 
ponents; n0--particle density; g-acceleration due to gravity. 

It is well known that the magnetohydrodynamic model for des- 
cribing a plasma is valid of the particle free path length is much 
less than the dimension over which the macro-quantities vary, and 
aIso d~at v >> w, where v is the collision frequency, w is the "fre- 
quency" of the process (co ~ 1~to, and t o is the characteristic time 
of the process). The hydrodynamic model is suitable for describing 
motions across the magnetic field in the case where v << w in the 
presence of strong magnetic fields. 

w W e  s h a l l  c o n s i d e r  h o w  a s y s t e m  of  h y d r o d y n a m i c  

e q u a t i o n s  f o r  t h e  m o t i o n  of  a p l a s m a  m a y  b e  o b t a i n e d  

w h e n  c o l l i s i o n s  a r e  e n t i r e l y  n e g l e c t e d .  
To o b t a i n  the  s y s t e m  of  m a g n e t o h y d r o d y n a m i c  

e q u a t i o n s  i t  i s  c o n v e n i e n t  to  u s e  G r a d ' s  m e t h o d  of 

m o m e n t s  [2]. T h e  k i n e t i c  e q u a t i o n  i n t e g r a t e d  w i t h  

r e s p e c t  to  l o n g i t u d i n a l  ( p a r a l l e l  to  t h e  m a g n e t i c  f i e ld )  

random v e l o c i t i e s  v z has the form 

O] O] e , O/  dg~ Of 
- o y + v ~ + - ~  -E~ Ov o at 0% + 

+-~;; 
/ . dV~ OV a OV~,~ 
le;=e~+Iv• ~, - o, + Y O N ) "  (1.1) 

Here M is the i on  mass, ~i is the ion cyclotron 

frequency, v is the rm~dom part of the particle 

velocity, V is the mass velocity of the particles (so 

that u = v + V is the total velocity of the particles); 

h is a unit vector in the direction of the magnetic 

field HG; the remaining symbols are these in general 
use; ~ is an index taking values x, y. By the usual 

path we obtain from (1.1) a system of equations for 
moments up to and including the third: 

0p 
o'~- + div (pV) = O, (1.2) 

I OVa OVa \ 

Op 0 ~  
- -  Ox~, Oz 0 ~- -~-pE~ + Qi IV • h ] ,  , (1.3) 

dPo~ 0 0 dVs p 
at + ~ (S,~v) + ~ (6,, ~0 + 6~Po~ + 60~P~v) - -  

- -  Q~ (P,,~ [e, • ht~ + Po~ [e~ x h ] . )  = O, 

(P ,~  = p 6 ~  + zG~), (1.4) 

�9 O V ,  i . 
d gPdt + 2 p d i v V  ~,~ Oz ~ T d l v S ,  (1.5) 

~S~~ ~176 F i_ OP~x {6~P~,  + 6~oP~ ~ + ~ P ~ }  + dt ' Ox~ ,p 

OV~ S ' 

+ -qte~x~hx {6~S .~ ,  + 60~S,~, + 6 , ~ S ~ }  = O, 

el 2 = 1 ,  ( e l h ) = 0 ,  e ~ = [ e l •  

P~o =-- I v~vo/dr, S ~ ,  = f v~v~v,/dv, 

Q~'~ ~ I v~vov~v'/dv" (1.6) 

H e r e  p i s  t he  p r e s s u r e ;  P ~  i s  t h e  ion  c y c l o t r o n  

f r e q u e n c y ,  6c~ ~ i s  K r o n e c k e r ' s  s y m b o l ;  %~fl i s  t he  

v i s c o u s  s t r e s s  t e n s o r .  W e  n o t e  t h a t  

U s i n g  t h e  e q u a t i o n s  w h i c h  h a v e  b e e n  g i v e n  i t  i s  

n o t  d i f f i c u l t  to e s t a b l i s h  t h a t  the  a d i a b a t i c  e x p o n e n t  

f o r  t he  g i v e n  m o t i o n  Y = 2 ( s e e  a l s o  [1]) .  
Fer the case z~  r~ ~ i (~o is the time of 

revolution around the Larmor circumference, r ~ is 

its radius, L and t o are the characteristic spatial and 

time parameters of the problem), S~fiy and Qffflye 

may be represented in the form 

+~_T (6~0n~ ~ ~_, 6,,n0~ + 6~,n0~ + 
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Us ing  (1.7), equat ions  (1.4) and (1.6) m a y  be 
t r a n s c r i b e d  as  fo l lows:  

Ot ~- ~ div V - -  nv~ ~ ~ -7 

i ~ os,, os~ r div S) 
+ 0 w  - _ + 

OVo OV~ / OV~ 

dS~t-di + li OT  + .  0 (n.a~ 3 {S~divV + 

Re ta in ing  l i n e a r  t e r m s  in (1.8) f o r  p e r t u r b a t i o n s  
of quan t i t i e s  of the f o r m  exp(ic0t), we obta in  an e x -  
p r e s s i o n  for  the v i s c o u s  s t r e s s  t e n s o r  by m e a n s  of 
an expans ion  in r i << 1: 

OVx OV u 

~? 1,~ k~ ~v ) -  ~ ( ~ - ~ ) }  T, (1.9) 

S ~ =  ~ - k M ~  + 2 p  + 2 p ~ y  . 

He re  T is  the  t e m p e r a t u r e ,  p the dens i ty .  
In (I .9)  t e r m s  of  the f i r s t  o r d e r  in ~o/~ i c o r r e s p o n d  

to the e x p r e s s i o n s  for  the  "magne t i c "  v i s c o s i t y  ob-  
t a ined  in [3]. 

The fo l lowing t e r m  d e s c r i b e s  the so c a l l e d  " in -  
e r t i a l "  v i s c o s i t y .  We note that  the e x p r e s s i o n  fo r  
the v i s c o u s  s t r e s s  t e n s o r  in [3] does  not  have a 
l i m i t i n g  t r a n s i t i o n  to the c a s e  v i -*  0 (v i i s  the ion-  
ion c o l l i s i o n  f requency) .  F o r  u se  in what  fol lows we 
sha l l  w r i t e  out t he se  e x p r e s s i o n s  in the " c o l l i s i o n -  
l e s s "  c a s e  for  ~i~- >> 1 in a c o o r d i n a t e  s y s t e m  with  
i t s  z ax i s  p a r a l l e l  to the magne t i c  f ie ld  H0 [3] 

P W O/3pv~ (Wxx--  

- Wuu)- -  ~--2- W ~ ( W ~  + W~u)--  
2 ~  i x y  ~ ~ Y Y  = - -  " ~ i  

W o ~  ( W ~ - - W ~ ) +  ~ ~ 
2~i~ 

o.3pv~ W ~  + ~ ( W ~  - -  W ~ ) ,  
2~xy ~ ~UX ~ - -  ~ i  ~ 2 ~  i 

OV, OV~ 2 5~a div V. (1.I1) 

w We sha l l  i nves t iga t e  the ~flute ~ i n s t a b i l i t y  in two 
l imi t i ng  c a s e s :  for  e o l l i s o n l e s s  p l a s m a s  and for  a 

high co l l i s i on  f requency .  In the f i r s t  c a se ,  us ing  
equat ions  (1.2), (1.3), (1.5), (1.9), 0 . 10 ) ,  taking 
into account  the g r a v i t a t i o n a l  po ten t ia l ,  the q u a s i -  
n e u t r a l i t y  of the p l a s m a  and the po ten t i a l i ty  of the 
r e s p e c t i v e  d i s t u r b a n c e s  

div j = 0, rot E = 0, (2.1) 

we m a y  obtain,  r e t a in ing  t e r m s  up to (w/i2i)2 inc lu-  
s ive ,  the fol lowing e x p r e s s i o n  for  p e r t u r b a t i o n s  of 
the type  r (z) exp (io)t + ikr) (the p l a s m a  is  a s s u m e d  
to be inhomogeneous  in the x d i rec t ion};  

O} - -  O} i 

+ X ~ - - ~ i  Cr 2 - -~ i  ((o (p = 0, 

c T  ha' 
coi ~ k~ko - ~ - ,  ko ---- a ~ - -  (2.2) 

no ' ky2r~. ~ " 

Equat ion  (2.2) i s  w r i t t e n  in the l a b o r a t o r y  f r a m e  
of r e f e r e n c e  with the z axis  p a r a l l e l  to the magne t i c  
f ie ld .  He re  g is  the a c c e l e r a t i o n  due to g rav i ty ,  ~ i  
is  the ion d r i f t  f requency ,  n o i s  the u n p e r t u r b e d  
dens i ty ,  r ~ i s  the  ion L a r m o r  r a d i u s ,  and the p r i m e  
dash  denotes  d i f f e r en t i a t i on  with r e s p e c t  to x. 

We sha l l  i nves t iga t e  the so lu t ions  of (2.2) on the 
a s s u m p t i o n  that  (012) gn o' / no, i .  e . ,  when so lu t ions  
of the  s e c o n d - o r d e r  d i f f e r e n t i a l  equat ion do not  l ead  
to i n s t a b i l i t y .  The p r e s e n c e  of z e r o s  of U 2 (U 2 is  the 
coef f i c ien t  of the  second  de r i va t i ve ) ,  m a y  lead,  as  is  
we l l  known [4], to the c o m p l i c a t i o n  of a l l  four  so lu -  
t ions  and to the a p p e a r a n c e  of new d i s p e r s i o n  p r o -  
p e r t i e s  of the p l a s m a .  F o r  su f f i c ien t ly  s h o r t  waves  
(~2~ r~ i t  is  c l e a r  f rom (2.2), that  we sha l l  obta in  a 
qua l i t a t i ve ly  va l id  r e s u l t  by neg lec t ing  the ~ ~ t e r m  
and ana lyz ing  the so lu t ions  of U~ = 0. H e r e  we see  
that  as  d i s t i n c t  f r om [4] uns t ab le  so lu t ions  a r e  absen t  
for  t w o - d i m e n s i o n a l  mot ion  in a p u r e l y  " c o l l i s i o n l e s s "  
s i tua t ion .  We note that  if r gk o, i .  e . ,  the  i n c r e m -  
ents  of the uns t ab l e  so lu t ion  a r e  s m a l l ,  then the poin ts  
U~ ~ 0 l ie  in the ne ighborhood  of the r e a l  ax i s .  In 
th i s  c a s e  the so lu t ions  become  c o m p l i c a t e d  and the 
i n t e g r a l  con t r ibu t ion  due to the k2 ~ ~ - ~  mode  for  
f ini te  so lu t ions  may  tu rn  out to be the m o s t  impor t an t ,  
which l eads  to a b e t t e r  s t ab i l i t y  c r i t e r i o n  

r 2 ~ gk  o / a .  

In o r d e r  to obta in  an equat ion in the ca se  of s t r ong  
c o l l i s i o n s  we make  use  of r e l a t i o n s  (1.2), (1.3), (1.11) 
in a g r a v i t a t i o n a l  f ie ld .  F o r  p e r t u r b a t i o n s  l ike  

(x) exp (io~t + ik~y) we obta in  for  ~i~- >> 1 

) 0~(P 

+ k + o (  o_o  gko 
rl  z v iv i + ivl---~- 

= 1 / a  = k~r~ (2.3) 

H e r e  v i i s  the  i on - ion  c o l l i s i o n  f requency .  
When the effect  of the four th  d e r i v a t i v e  is  i n s i g -  

n i f icant ,  we obta in  a qua l i t a t i ve ly  c o r r e c t  r e s u l t  
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for f ini te  solut ions  f rom the condi t ion U i ~ O, as is 
wel l  known [4] (U i is the coeff ic ient  of q~), giving 

r - -  o J  (o)t + i~vi) - -  gk o - -  O. (2 .4)  

We see that (2.4) also conta ins  uns tab le  solut ions  
even in the case v)i 2 > gn~/n 0 when flute instabilities 
are stabilized in the absence of collisions. Moreover, 
when c0i 2 >> gk 0 we have 

Re o~ ~ - -  gko Im ~o ~ I gko I v~3 ~ ' od (2 .5)  

It  is impor t an t  to note that  equation (2.3) wil l  
conta in  uns t ab le  solut ions  if another  ins tab i l i ty ,  
i~stead of the usual collisions, leads to viscous 
dissipation, which will lead formally to at least 

another expression for the "viscosity" coefficient. 
(As is now well known, A. V~ Timofeev and D. I. 

Hyutov have also called attention to the effect of 

collective viscosity in the case of flute instabilities. ) 

The presence of zeros of U 2 makes it necessary to 
take the fourth derivative into account, which lessens 

the increment of the given instability, as can easily 
be seen. 

w It has been partially demonstrated in the fore- 

going sec t ion  that taking ion- ion  co l l i s ions  into account  
n',ay lead to the deve lopment  of flute instabilities even 
under conditions when the ion Larmor radius is large 
(c0i2 > gk 0) It is well known that taking dissipative 

effects into account in a series of other cases (see, 

for example, [5-7]) may lead to the appearance of 

new instabilities. Thus electron-ion friction leads to 
the development of the drift-dissipation instability, 

giving rise to Bohm [5] diffusion. All these instabil- 

ities due to taking collisions into account are not very 

dangerous in a high-temperature system when the 

collision frequency falls. It must be kept in mind, 

however, that dissipative effects may arise on account 

of certain other "seeding" instabilities, and then, 

even in the absence of the usual collisions, generally 

speaking conditions are created for the propagation 

of dissipative instabilities. The possibility of such 

an effect has previously been noted by other authors.* 
Her we shall consider the effect of high-frequency 

oscillations on the development of the drift-dissipa- 

tive instability. 
First of all we draw attention to the fact that the 

"longitudinal" electron viscosity leads to a destabili- 

zation of the plasma in drift waves similar to electron- 

ion f r i c t ion .  Actual ly,  

- -  i k ~ n o T  o - -  eno~Ez + ~1511 v - -  mno~vo~v~i = 0 (3.1) 

f rom the equation for longi tudinal  e l ec t ron  motion,  
where  k z is the wave vec tor  along z, e, the charge ,  
n0e the unperturbed electron density, and Vei the 
effective electron-ion collision frequency. It is clear 

that the t e r m  7Ally is analogous to the t e r m  cha rac -  
t e r i z ing  ion-electron friction, and consequently 
exerts a destabilizing effect. However, under the 
conditions of applicability of ordinary hydrodynamics 

the viscous term in (k~ / kn) 2 is less than the electron- 
ion friction on account of pair collisions, and is thus 
insignificant. Let us now consider collisions to be 

absent, and let high-frequency electron oscillations, 

caused by beam instability, be present and lead to 

a certain effective "viscosity" of the electron gas 
(interaction with such oscillations is known to be 
equivalent to electron-electron collisions [8]). By 
way of example, we shall consider the beam in- 
stability investigated in [9]. The quasilinear equation 

for the beam has the form 

o/ : 0 (  <~ 01) 
v o-7 = ,~ 0-b- 0V ' (3.2) 

where f is the particle distribution function for the 
beam, ]Ekl is the amplitude of field pulsations, ac- 

cording to [9] of order of magnitude 

] E ~ I ~  nora (oo ~--,,m--) ), 

Here  n o is the u n p e r t u r b e d  beam densi ty ,  co 0 is the 
p l a s m a  osc i l l a t ion  f requency,  N0e is the unpe r tu rbed  
p l a s m a  e lec t ron  densi ty,  Tp is the t ime for e s t a b l i s h -  
ing a "plateau" in the f u n c t i o n f .  

Non l inea r  wave in t e rac t ions  a re  s t i l l  ins ign i f ican t  
in the case  where  n o << N0e, and we may employ a 
sys t em of hydrodynamica l  equat ions for the p l a sma  
e l ec t rons  (see [9])~ 

In o r d e r  to evaluate  the inf luence of h igh- f requency  
osc i l l a t ions  on the d r i f t - d i s s i p a t i v e  ins tab i l i ty ,  we 
mus t  in fact ca lcu la te  the effective r (time) of e l ec t ron  
co l l i s ions  in the beam.  F r o m  (3.2) and (3.3) we obtain 

no r - ~ -  (3.4) 

for T ~ Tp. 
Here  COo* is the p l a s m a  f requency for the beam 

dens i ty .  Exp re s s ion  (3.4) is va l id  when the r e s o n a n c e  
e l ec t rons  have ve loc i t i es  of the o r de r  of the mean  
t h e r m a l  ve loc i t i e s .  

Fu r the r ,  for cases  of low-f requency  potent ia l  
pe r tu rba t ions  exp ( i(~t  - ~  i k , g  ~ -  i k z z ) ,  we make use  of 
the following r e l a t i ons .  

The equation of mot ion of cold ions ac ros s  the 
magne t ic  field 

M ~  Ov~ = eNo~E• + e No i [v~.Ho] (3 .5)  
"' ~ - ~ -  V " 

The equation of mot ion  of the beam e lec t rons  

- -  i k z n T  o - -  e n o E z  - -  k z2TnoTo  v O. 

* G. M. Zas lavsk i i ,  S. S. Moiseev,  and R. A. Sag- 

deev, Second Al l -Un ion  Congress  of Mechanics ,  
Moscow, J a n u a r y  1964. 

The condit ion of q u a s i - n e u t r a l i t y  

div j = 0. (3.7) 

We may then obtain the d i spe r s ion  equat ion (motion) 
of the plasma electrons along H0: 
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l ~ i  (% no[  _~]  
~akz,:~ ~ ~ 1 - -  -~ O, 

~i~e  k?  ~o; z. cT (3 .8 )  
O)$ ~ ~ ]r ~ (1) O ~ ]Vo e ovy e H  ' 

H e r e  n, N e, N i a r e  the p e r t u r b e d  dens i ty  of beam 
e l e c t r o n s ,  p l a s m a  e l e c t r o n  and ions,  r e s p e c t i v e l y ,  
T is  the t e m p e r a t u r e ,  ~e is  the e l e c t r o n  c y c l o t r o n  
f requency ,  v e i s  the " e l e c t r o n  'v co l l i s i on  f requency ,  
k e is  the  e l e c t r o n  f r ee  path  (Xe ~ w-, v is  the t h e r m a l  
ve loc i t y  of  e l e c t r o n s ) ,  w e i s  the e l e c t r o n  d r i f t  f r e -  
quency,  N~e i s  the d e r i v a t i v e  of N0e with  r e s p e c t  to 
x (the d i r e c t i o n  of  the inhomogene i ty ) .  

The condi t ion  that  the Landau damping  con t r ibu t ion  
for  e l e c t r o n s  be  s m a l l  i s  of the f o r m  

0)2 0) 8 nO 
k ~  ~ ~ o ~  N~" (3.9) 

Then for  r >~ c%, o)o*(n o /No~) - v  ~ >~ o)~ (the l a s t  
inequa l i ty  is  the condi t ion  of a p p l i c a b i l i t y  of h y d r o -  
d y n a m i c s  to the d r i f t  mo t ions  of the b e a m  e l e c t r o n s ) ,  
we obta in  

Im co ~ 0)e~kz~e~N~ COs* - -  0)sn~ " (3.10) 
0) sn  o ' k z 2 ) ~ e 2 N o e  �9 

We note  that  the i n c r e m e n t  does  not depend on k z, 
and so the c r o s s i n g  of l ines  of fo rce  of the magne t i c  
f i e ld  does  not  e x e r t  an i m m e d i a t e  inf luence  on the 
d e v e l o p m e n t  of i n s t a b i l i t y  wi th in  the  l i m i t s  of a p -  
p l i c a b i l i t y  of the given r e s u l t .  

Thus h i g h - f r e q u e n c y  o s c i l l a t i o n s  which do not 
l ead  d i r e c t l y  to d i f fus ion  m a y  s t i l l  ac t  as  an i n d i r e c t  
c a u s e  of d i f fus ion  at  l ow- f r equency  o s c i l l a t i o n s .  

The au thors  a r e  g r a t e fu l  to A. A. Ga leev  for  
va luab l e  d i s c u s s i o n .  
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